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Overview
l Brief introduction to Gaussian processes (GP)
– Very flexible nonlinear regression from Bayesian

point of view
l Recognizing “Motion” (run, throw, bend, ...)

through a combination of:
– Gaussian processes + semi-Markov HMM + 

Hierarchical Dirichlet processes (IROS 2018)
– Variational Antoencoder for high-dimensional 

signals (IROS 2019)
l GP Neural Networks for Text Visualization



Part 1:
What is a Gaussian process?
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Gaussian processes
l Gaussian process…stochastic process to 

generate random functions

– function : mapping from
– As a function of time t, it represents a trajectory

x 7! y



Gaussian processes (2)

l Gaussian process on two-dimensional inputs
＝Random surface function

l Similarly for higher-dimensional inputs x



Gaussian processes (3)
l Bayesian learning of a function: given datapoint,

posterior distribution of functions is obtained
l Blue: Expectation
l High variance

(light blue) for 
area with no data

l Ordinary model
cannot represent
variances of
prediction



GPML
l GPML (“Gaussian Processes for Machine Learning”)

• Published in 2006
• For intermediate and expert

users who need more
mathematical constructions

• Textbook is downloadable
for free:
http://www.gaussianproce
ss.org/gpml/



Introductory textbook
l “Gaussian process and   

Machine Learning”, 
Kodansha MLP series,  
2019 in Japan
– 55 Amazon Ratings so far

l From linear model to
Gaussian processes

l Also covers unsupervised
learning and variational
inference

l Why deer?



Simple regression
l Simplest prediction:
l How to determine a and b?

y = a+ bx



Minimization of error
l Minimize error    between the observation      and

prediction                   : ✏ = yn � ŷn = yn � (a+ bxn)
<latexit sha1_base64="7VSOK3jGYq0LXE1W6jZdmhzP5vM="></latexit>
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ŷn = a+ bxn
<latexit sha1_base64="RpKJQO0vcFbVMReJuW2uL+4jlmM="></latexit>



Simple regression (2)
l Given data                                                             ,
l Prediction      for each       is a linear function

l Difference between the observation is

– We want to minimize this error!

D = {(x1, y1), (x2, y2), · · · , (xN , yN )}
xnŷn

ŷn = a+ bxn

yn�ŷn = yn�(a+ bxn)



Simple regression (3)
l For n=1,2,...,N,

error＝ → Minimize sum of errors
l Errors can be negative, thus take a square of

errors (Least squares):

We want a,b to minimize this E

yn� ŷn

E =
NX

n=1

(yn� ŷn)
2 =

NX

n=1

(yn�(a+ bxn))
2



Simple regression
l Since derivative of E is zero at minimal point,

l Yields
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Simple regression (example)

l Formula gives
a = 1.77, b= 0.42 

Simplest case:
Data D=
{(3,2),(2,4),(-1,1)}y = 1.77 + 0.42x



Multiple regression
l x is multi-dimensional? à Multiple regression

l Squared error is

l Minimize this error:
→ Take gradients of w.r.t.

to equate 0 and solve 
linear equations.

x = (x1, x2, · · · , xD)TWhen                                         ,
y = w0 + w1x1 + w2x2 + · · ·+ wDxD

(y � ŷ)2 = (y � (w0 + w1x1 + w2x2 + · · ·+ wDxD))2

E =
PN

n=1(yn � ŷn)2

w0, w1, · · · , wD



Vector-Matrix form
l When we set

and                                         ,w=(w0, w1, w2, · · · , wD)
x=(1, x1, x2, · · · , xD)

ŷ = w0 + w1x1 + w2x2 + · · ·+ wDxD

= (w0, w1, w2, · · · , wD)
0
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1
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= wTx



Vector-Matrix form (2)
l Aligning vertically over n=1,2,...,N gives

l Namely,

0
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Called
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Vector-Matrix form (3)

l Therefore

E =
NX

n=1

(yn�ŷn)
2 = (y1�ŷ1, · · · , yN�ŷN )

0
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y1�ŷ1

...
yN�ŷN

1

CA

E = (y �Xw)T (y �Xw)

= yT (y �Xw)� (Xw)T (y �Xw)

= yTy � 2wT (XTy) +wTXTXw



Analytical solution of multiple regression

l taking derivative wrt ,

l Thus

E = yTy � 2wT (XTy) +wTXTXw

w

@E

@w
= �2XTy + 2XTXw = 0

XTXw = XTy

) w = (XTX)�1XTy .

(Normal equation)

Solution of multiple regression



Multiple regression example
l Given data below:

X=

0

BB@

1 1 !2
1 �1 1
1 3 0
1 �2 �2

1

CCA



Multiple regression example (2)
l Therefore, optimal weight vector is

y=1.202�0.016x1+1.209x2



More complex regression?

l Data often exhibit nonlinear relationships

More complex regression function!



Linear regression

l Both written as linear function of weights w
– … Linear regression

l Combining this with sigmoid function yields
logistic regression:

y = w0 + w1x+ w2x
2
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Linear regression

l For explanation, assume no noise:

l For given pairs
this gives 

y = wT�(x) + ✏
<latexit sha1_base64="bs6b/TPeYDqCG1ev59MSCKeS3gY="></latexit>
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From Linear regression to Gaussian
processes

l When we assume                       like a ridge
regression,

also obeys Gaussian distribution

l What are          ?
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From Linear regression to Gaussian
processes (2)

l

l

l Therefore,

– This is called a Gaussian process!
(    is jointly Gaussian)

µ = E[y] = E[�w] = �E[w] = 0
<latexit sha1_base64="/t/3zq/todGA29ZKM9aEbicUm6Q="></latexit>
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From Linear regression to Gaussian
processes (3)

l Where

l Now,      are integrated out in a Bayesian way

y ⇠ N (0,↵��T ) = N (0,K)
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Random draw from a Gaussian process

l Why such smooth functions?



Multivariate Gaussian distribution

l p(x|µ,⌃) =
1

(
p
2⇡)D

p
|⌃|

exp

✓
�1

2
(x�µ)T⌃�1(x�µ)

◆

µ = E[x]
⌃ = E[xxT ]� E[x]E[x]T

(mean vector)
(covariance matrix)



Random draws from MVN

l If correlation is high, similar values are sampled
– Minus for negative correlation, 0 for independent



Random draws from MVN (2)

l Three dimensional case
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Intuitive explanation
l Assume grid of input points

and create a covariance matrix      between them:

e.g.

X = (x1,x2, · · · ,xN )

Kij = k(xi,xj)
K



kernel function
l k(xi,xj): kernel function. For example:

l Same as those used in SVM or others
(GP is a Bayesian version of the kernel methods)

k(x,x0) = exp(�|x� x0|2/✓)
(RBF kernel)



Intuitive explanation (2)
l Draw from correlated multivariate Gaussian:

Sample from MVN    Covariance matrix



Intuitive explanation (3)
l Draw from correlated multivariate Gaussian:

Sample from MVN    Covariance matrix



Intuitive explanation (4)
l Draw from correlated multivariate Gaussian:

Sample from MVN    Covariance matrix



Kernels and random draws from GP

(a) Linear kernel:      (b) RBF kernel:           

(c) Exponential kernel: (d) Periodic kernel:                

xTx0
<latexit sha1_base64="o6T+JObDly2gsz3JjoTGT6gQrVY="></latexit>
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Ordinary usage: GPR
l Gaussian process regression (GPR)
– Given a set of pairs (x,y), predict y for new x*



Part 2:
Language, Robotics, and
Gaussian processes



Language and Robotics
l (Intellectual) Robotics is not only around

physical movements, but symbolic actions are
necessary for high-level behavior
– Closely tied with languages



What is “word”?
l Children are not taught

about “words” :
learn only from 
experiences

l Robots should be flexible enough to learn 
“words” automatically from their environment

l Novel words, colloquial expressions, dialects,
and child languages .. should be robust
in a practical viewpoint



What is “word”?
l Problem: want to find “words” from a sequence

of acoustic signals

l Easier version: find words from phonological
sequences of child’s speech (Goldwater+ 2006)

WAtsDIs à WAts DIs
WAtIzIt à WAt Iz It
yuwanttusiD6bUk à yu want tu si D6 bUk

(CHILDES corpus)

à “she sings the song”



Word segmentation
l Word segmentation and morpheme analysis are

crucial tool to analyze Asian languages

l Usually done by supervised learning, but can be
made unsupervised (Mochihashi+ ACL 2009,
Uchiumi+ ACL 2015)!

山花貞夫・新民連会長は十六日の記者会見で
à 山花 貞夫 ・ 新 民連 会長 は 十六 日 の 記者 会見 で
今后⼀段时期，不但居民会更多地选择国债
à今后⼀段时期，不但居民会更多地选择国债



Western languages
l Case of Latin (Scripta continua)
– English was also originally written without spaces

Vergil text, around
AD 141



Unsupervised word segmentation

first, she dream ed of little alice herself ,and once again the tiny hand s were 
clasped upon her knee ,and the bright eager eyes were looking up into hers --
shecould hearthe very tone s of her voice , and see that queer little toss of 
herhead to keep back the wandering hair that would always get into hereyes --
and still as she listened , or seemed to listen , thewhole place a round her became 
alive the strange creatures of her little sister 'sdream. thelong grass rustled ather
feet as thewhitera bbit hurried by -- the frightened mouse splashed his way 
through the neighbour ing pool -- shecould hearthe rattle ofthe tea cups…

first,shedreamedoflittlealiceherself,andonceagainthetinyhandswereclaspedup
onherknee,andthebrighteagereyeswerelookingupintohersshecouldhearthevery
tonesofhervoice,andseethatqueerlittletossofherheadtokeepbackthewanderingh
airthatwouldalwaysgetintohereyesandstillasshelistened,orseemedtolisten,thew
holeplacearoundherbecamealivethestrangecreaturesofherlittlesister'sdream.the
longgrassrustledatherfeetasthewhiterabbithurriedbythefrightenedmousesplashe
dhiswaythroughtheneighbouringpoolshecouldheartherattleoftheteacupsasthema

(Mochihashi+ ACL 2009)



Arabic unsupervised segmentation
l Arabic AFP news, 40,000 sentences

سامحةیملاسلااةمواقملاةكرحراصنلاةرھاظتببسبینیطسلفلا .
ةثلاثزربایفىربكزئاوجثلاثزاحدقنوكییكسفولسیكنافكلذققحتاذاو

ةیحصلامھمزاولىلعلوصحللةیلودلاوةیلحملا .
دئاق+وھلب+سیئر+بقلبعتمتیلا + ةینیطسلفلاةطلسلا+بىمسیام +".

لقیلاامنانینثلاامویلاایقیرفابونجةطرشتنلعا
يخیرات ". ماوعاةسمخھدادعاقرغتسادقو . ویرانیسلاتبتكیتلانوسموتلیینادتلاقو

سامح ةیملاسلاا ةمواقملا ةكرح راصنا ل ةرھاظت ببسب ينیطسلفلا .
ةثلاثزربایفىربك زئاوج ثلاث زاح دق نوكیيكسفولسیك ناف كلذ ققحت اذا و

ةیحصلا مھ مزاولىلعلوصحلل ةیلودلاوةیلحملا .
ةینیطسلفلا ةطلسلا + بىمسیام + دئاق + وھ ل ب + سیئر + بقل بعتمتیلا + " .

لقیلاامنا نینثلاا مویلاايقیرفابونج ةطرشت نلعا
يخیرات"يتلا نوسموتلیی نادت لاق و .ماوعاةسمخ ه دادعا قرغتسا دقو

Google translate:
“Filstinebsbptazahrplansarhrkpalmquaompalaslamiphamas.”

Google translate:
“Palestinian supporters of the event because of the Islamic 
Resistance Movement, Hamas.”

NPYLM



NPYLM: Nested Char-Word HPYLM

l Nested Character-Word n-gram model (HPYLM)
– i.e. Bayesian hierarchical Markov model

PY

PY PY
“が”

“彼 が” “教会が”

“”

PY

Word HPYLM Char HPYLM

“”
“は” “会”

“教”
“国”
“時”

“臨”

PY



Inference with Dynamic Programming

l “Inducing Word and Part-of-speech with Pitman-Yor
Hidden Semi-Markov models”, ACL 2015

l Forward filtering-backward sampling MCMC
to escape from local minima

:
forward variable



Learning with Multimodal information

“Mutual Learning of an Object Concept and Language Model 
based on MLDA and NPYLM”,
Nakamura et al., IROS 2014

Speech
Recognition

Object concept model

Multimodal
information

Concepts,
word meanings

Bottle
Drink

Plushie
Soft

Thisisabottle This / is / a / bottle
Language model

Observing, grasping, and shaking

User’s utterances 

Multimodal Information

Mutual
leaning



Word discovery from acoustic signals

Language model
(Word bigram 
model with
letter bigram 
model)

Acoustic model
(phoneme model)

Word sequence

Phoneme sequence

HDP-HLM:
Hierarchical
Dirichlet process
Hierarchical LM

(Taniguchi+ 2016)
Earlier and more complete
than NLP (eg. Goldwater+17)!



Word discovery from acoustic signals (2)
ü Five artificial words {aioi, aue, ao, ie, uo} prepared by connecting five 

Japanese vowels.
ü 30 sentences (25 two-word and 5 three-word sentences) are prepared 

and each sentence is recorded twice by four Japanese speakers. 
ü MFCC (frame size =25ms, shift = 10ms, frame rate 100hz) 

* HDP-HLM are trained separately for each speaker.

ü The inference procedure 
could gradually estimate the 
boundaries of words and 
phonemes.

ex) ao-ie-ao

Phoneme Word

MFCC



Part 2:
Motion segmentation and Gaussian
processes



Learning “Motion” from Movements

l Crucial for high-level recognition and planning
of actions of robots .. word segmentation for robots
– Planning for preparing dishes: wash->cut->boil->...

観
測
値

観測シーン

時間単位系列1 単位系列2 TimeMotion 2Motion 1

Observation

Movements



Model of movements

l Observations are continuousà Stochastic models 
for trajectories are necessary

l We leverage the Gaussian processes

観
測
値

観測シーン

時間単位系列1 単位系列2

Movements

Time

Observation

Motion 1 Motion 2



Actual data of movements

l Time series from two angles (knee and shoulder)
l How to induce “motion” from this data?



Gaussian process hidden semi-Markov model

l Hidden state (motion class):
l Generate trajectory:
l a kind of HMM, but segmentations are unknown

cj ⇠ Mult(c|cj�1)
xj ⇠ GP(x |Xcj )

Only the observation



Application to Robotics
l Hidden semi-Markov model with Gaussian process

observations to model the time series of joint 
angles, Forward-Backward Bayesian learning
(infer “words”)

l Segmentation results using simple arm motions :

Segmentation result



Dynamic programming MCMC
l Forward filtering:

l Backward sampling:



Lattice representation

1 2 3 4 5 6BOS EOS

segment
lengthp(x[3 :5]|x[1 :2])

l Semi-Markov HMM (Murphy 02, Ostendorf 96)
– We do not know “correct path” beforehand (as HMM)

l Draw high-probability path via dynamic programming



The first experiment
l Unsupervised segmentation of arm movements 

measured by Kinect
l 2D coordinates (x,y) of the right hand
– Assume x and y are independently generated:

x ~ GP(c), y ~ GP(c)
l Motions involved:
– Move the hand to right
– Raise the hand high
– Raise the hand slightly



} Correctly recovered the
three motions

} Learned
Gaussian
processes: 𝑥

𝑦

-1000 -500 0 500 1000
-1000

-500

0

500

1000

-1000 -500 0 500 1000
-1000

-500

0

500

1000

-1000 -500 0 500 1000
-1000

-500

0

500

1000

Results



Motion segmentation

l Correctly recognized Karate motions from observations



Inferred motions (excerpt)
l Class 0: Right punch with an additional step

l Class 6: Left lower guarding



Comparison with other methods
l GP-HSMM vs. HDP-HMM, HDP-HMM+NPYLM

0 20 60400 20 6040

0 20 6040 0 20 6040

Error (1 class
1 motion）

Ground truth

Proposed

HDP-HMM
HDP-HMM

NPYLM

Ground truth

Proposed

HDP-HMM

HDP-HMM+NPYLM

Error Error

Error
(confuse right punch 

with right guard)



Number of Motions
l Number of hidden states (motions) can also be

estimated using hierarchical Dirichlet processes
– HDP-GP-HSMM
– “Sequence Pattern Extraction by Segmenting Time 

Series Data Using GP-HSMM with Hierarchical 
Dirichlet Process”, Nagano+, IROS 2018

Ground
truth: 11



Number of Motions (2)
l We leveraged infinite HMM (Beal+ 2001, Teh+ 

2006) with our semi-Markov structure
l Since the state space is infinite-dimensional,

also used a Beam sampling (van Gael+2007)
for slice sampling+dynamic programming
– Internally,using a stick-breaking representation

for possibly infinite state spaces



High-dimensional regime
l Actually, robot movements are quite high-

dimensional
– In our case, # of joint angles = 93
– Cannot apply the method to whole data



Strategy (Our work at IROS 2019)
l Solution: dimensionality reduction
l Linear PCA à NG
l GPLVM (Gaussian process LVM) à OK, but

inference is not stable

l Using VAE as a surrogate of GPLVM



Simultaneous optimization

Segmentation runs in
the latent space



Note
l In this case, each cluster (=motion) has its own

VAE for compression
– VAE priors are different for each cluster



Graphical model
l We observe only s (high-dimensional time series)

Hierarchical Dirichlet
process-variational
autoencoder-Gaussian
process-hidden semi-
Markov model
(Long!)
=
HVGH

Observation



Experiments
l Dance exercises which include four and seven

unit motions (labels are not used in learning)



Results (1)
l Exercise containing four unit motions:

VAE as a preprocessing



Results (2)
l Exercise containing seven unit motions:

VAE as a preprocessing



Estimated latent space in VAE

l VAE is separately learned for compression
l Motions (in color) are mixed and not separated



Estimated latent space in VAE (2)

l Simultaneous learning in HVGH
l Motions (in color) are clearly separated



Zoology and Brain science (Marmoset)

l Can recognize ape’s motions automatically
l joint work with Koki Mimura (NCAP), JSAI 2019



Part 3:
Nonparametric Bayesian 
Deep Visualization (NPDV)
Joint work with Bridgestone Corporation; appeared at
IBISML 43 (2021)
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Data Visualization
l Visualize high-dimensional data by mapping them

into 2D or 3D
– Important first step for exploratory data analysis

l Principal Component Analysis (PCA) has a strong
limitation à Data often have nonlinear structures

ID Y1 Y2 … Y_D

１

２

・・・

N



NPDV: NP Bayesian Deep Visualization
l Simultaneously 

optimize
Y→X,  X →V

l Y→X：NN-iWMM
Neural network
using GP + 
infinite mixture
(no NN weights)

l X →V：
visualization via
t-SNE (van der 
Maaten 2009)



Infinite Warped Mixture Model (iWMM)

l Infinite Gaussian mixture in latent space
à Map to observation through Gaussian process

l d’th dimension of observation Y distributes
according to GP on X:

(Iwata+ 2013)

Inference

X
<latexit sha1_base64="T1QB0mKOGtjE1L6Pq0zjYHc4ECM="></latexit>

Y
<latexit sha1_base64="p+MlzADJVLtSx0+TRZ5ORfiBDS4="></latexit>

Yd ⇠ GP(µ,KX)
<latexit sha1_base64="0wQNDylLUmvjz1qx3x5EqYX9jIc="></latexit>

∞-Gaussian
mixture
model



Neural network＝ Gaussian process
l Single hidden-layer NN with input layer
l i’th output           is written as :z1i (x)

<latexit sha1_base64="gMVPXwKsUrY/Py15IDMa+Rz/xkI="></latexit>

x
<latexit sha1_base64="05i1Qsam0Fm9F/5SK3jUPFG0cuo="></latexit>

z1i (x) = b1i +
N1X

j=1

W 1
ijx

1
j (x), x1

j (x) = �

 
b0j +

KX

k=1

W 0
jkxk

!
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W0
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W1
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x
<latexit sha1_base64="05i1Qsam0Fm9F/5SK3jUPFG0cuo="></latexit>

 b0
<latexit sha1_base64="pnBwoIFlxOZzvBwgvbEjhepf8Hc="></latexit>

 b1
<latexit sha1_base64="R8ZqzoF4SDVnDSmgi4CIMGySDBw="></latexit>z1

<latexit sha1_base64="BMNGLV1GIjQKiMie4pR3ONbwDZc="></latexit>

x1
<latexit sha1_base64="Gbam75vABvGioZzco2NfSg9FmmE="></latexit>

Connection

Bias
W `

ij ⇠ N (0,�w/N`)
<latexit sha1_base64="k9z/fC3sUS8igmMXyuUyMOpPBzU="></latexit>

b`i ⇠ N (0,�b)
<latexit sha1_base64="YenEqkRjQZTRC/KLFgp+uDfhZ/o="></latexit>

N0
<latexit sha1_base64="be+5Foc0l/Cr4ohUtAHWc5/6x0A="></latexit>

N0
<latexit sha1_base64="be+5Foc0l/Cr4ohUtAHWc5/6x0A="></latexit>

N1
<latexit sha1_base64="EvynLVwq2k3n8W/w6hPV9wqJLEA="></latexit>

N2
<latexit sha1_base64="G6XmFjgUM/Lat9F/OGdVLLxN0U0="></latexit>



Neural network ＝ Gaussian process (2)

l Sum of independent weights        and biases
à Joint probability

has a multivariate Gaussian distribution 
by Central Limit Theorem … Gaussian process

– Mean: clearly 0
– Covariance is

z1i (x) = b1i +
N1X

j=1

W 1
ijx

1
j (x), x1

j (x) = �

 
b0j +

KX

k=1

W 0
jkxk

!
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b`i
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W `
ij
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p(z11(x), z
1
2(x), · · · , z1N2

(x))
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K1(x, x0) ⌘ E [z1i (x)z
1
i (x

0)]

= �2
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wE [x1
i (x)x

1
i (x

0)] = �2
b + �2

wC(x, x0)
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NNGP (Neural Network Gaussian process)
l Assume        layer output        is GP:

l -layer Mean is 0, variance is

– This expectation can be computed by: 
(1) GP regression (2) Numerical approximation 
(3) Analytical solution for specific φ like ReLU

`�1
<latexit sha1_base64="vqdzNAQOmaqadAvlqEJ7xT5gIv4="></latexit>

z`�1
j

<latexit sha1_base64="SoxEhCxzgAAaMSMN6eFb2Lc4u2Q="></latexit>

z`i (x) = b`i +
NX̀

j=1

W `
ij x

`
j(x), x`

j(x) = �(z`�1
j (x))
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⇤
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NNGP (Neural Network Gaussian process)
l When φ is ReLU (Cho&Saul 2009, Lee+ 2017) :

K`(x, x0) = �2
b +

�2
w

2⇡

q
K`�1(x, x)K`�1(x0, x0)

⇥
⇣
sin ✓`�1

x,x0 + (⇡ � ✓`�1
x,x0) cos ✓`�1

x,x0

⌘

✓`x,x0 = cos�1

 
K`(x, x0)p

K`(x, x)K`(x0, x0)

!
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Generative model of NN-iWMM
l ∞-Gaussian mixture

generates latents

l From     and kernel
parameters ,
compute NNGP
kernel matrix

l Generate data Y
for each dimension d
from NNGP

∞-mixture of Gaussians

L-layer∞-Unit NN

NNGP kernel

Unsupervised NN with no units, 
no numerical weights

KL
NN

<latexit sha1_base64="vsKCCkC3krRXUGjXYPDIRWN2O0k="></latexit>

�b,�w
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Joint modeling with t-SNE
l Recap:

l Problem: t-SNE has no clear generative model
à How to combine NN-iWMM and t-SNE?



Joint modeling with t-SNE: RegBayes
l Posterior p(θ|Y) equals to following optimization:

(A. Zellner, 1988)

l RegBayes：Bayesian model with posterior
constraint (J. Zhu+, 2014)

– Optimal distribution
under the given constraint

Θ：パラメータ
P

Joint distribution of θ and Y



NPDV Formulation
l Joint distribution of NPDV (q*(θ) and NN-iWMM, 

t-SNE)

l Specifically,

– V : visual coordinates,            : NNGP kernel 
hyperparameter

– λ : hyperparameter ※ λ=ND in this study

NN-iWMM t-SNE

NN-iWMM

t-SNE between X and V



NPDV training
l Objective : lower bound of likelihood using 

variational distribution Q

– Re-parametrization trick to generate randomly 
from                                   to approximate (*)

– Gradient base learning from the approximation



GP Neural Networks and ARD
l Since there is no NN 

weights in NPDV,
we can directly
optimize hidden X
for observation Y

l ARD (automatic relevance
determination) prior on X
à We can learn hidden dimensionality of X!
– This is impossible for ordinary neural networks

with numerous weights to learn



GP Neural Networks and ARD
l Input: “mammoth” 3D data mapped non-linearly

for high dimensions
– NPDV correctly recovered mammoth, with

effectively three dimensions!

Figure 4: (a) shows the original mammoth data. After trans-
forming mammoth data to the 100-dimensional data by a
neural network, we attempted four methods to recover it. (b)
to (e) show the recovery results. Auto-encoder has the same
architecture as the neural network used for transformation.
(f) ARD weights estimated by NN-iWMM with Q = 20,
and the red bars represent the dimensions selected by ARD.

the ELBO for iGMM (Blei and Jordan 2006). Additionally,
the parameters of the variational mixture model can be up-
dated using the expectation-maximization (EM) algorithm.
For R, we first approximate the similarity of X in Equation
(12) with fX , and then substitute this approximated similar-
ity into Equation (13). Appendix B provides the details of
the complete forms of L1 and L2, and update formulae for
the parameters of the variational mixtures.

Algorithm 1 shows the training algorithm of NPDV.
Before training NPDV, we pre-train NN-iWMM assum-
ing a standard Gaussian prior on X to initialize ⇧0 =
[{µi,Si}Ni=1, ⇣,�

2
w,�

2
b ,�,�]. Then, t-SNE is applied to

{µi}Ni=1 to initialize V . In training NPDV, we first generate
Monte Carlo samples fX using Equation (18) and approxi-
mate L1, L2, and R. Then, we update the parameters of the
variational mixture model ⇧1 = [z, {mk, rk, k}Kk=1] and
the others ⇧2 = [{µi,Si}Ni=1, ⇣,V ,�2

b ,�
2
w,�,�] using the

EM algorithm and a gradient-based method, respectively.

Fewness of parameters The symmetric neural auto-
encoders need to estimate 2

PL
`=1(N` + N`N`�1) weights

and biases in their encoder and decoder, where N` and N0

represents the number of units in the `th layer and the di-
mensionality of observations, respectively. Since N` often
exceeds more than thousands, it is not uncommon that the
neural auto-encoders have more than 107 parameters. On the
other hand, since NPDV utilizes Gaussian processes equiv-
alent to a neural network whose weights and biases are in-
tegrated out, there is no need to estimate them. Therefore,
NPDV tends to have much fewer parameters than the exist-
ing neural auto-encoders.

Hyperparameter settings NPDV has several hyperpa-
rameters, however, some of them do not need to be con-
sidered in practice. For the maximum number of latent di-
mensions and varitional mixtures, Q and K, if we set them
sufficiently large values, we can automatically determine the
informative latent dimensions and the number of clusters by
ARD mechanism and iGMM. For the perplexity for t-SNE
⇢, the number of inducing points M , learning rate ⌘, and
balance term �, we confirmed that NPDV achieved higher
accuracy than the existing methods on several datasets to set
M = 50, ⇢ = 30, ⌘ = 0.01 and � = ND. Hence, we pay
attention to only the number of layers of NN-iWMM, L.

5 Simulation Experiment

We present the qualitative properties of NN-iWMM through
a simulation experiment. The input is 100-dimensional data
generated by nonlinear transformation of the mammoth

data 1 shown in Figure 4(a) using a 6-layer neural network.
We used four methods to recover the 3D mammoth data: (1)
Auto-encoder with the same architecture as the neural net-
work used for data generation; (2) t-SNE; (3) NN-iWMM
that estimates three-dimensional coordinates directly; and
(4) NN-iWMM+PCA that applies PCA to the dimensions
selected by ARD after training NN-iWMM with Q = 20.

Figure 4(b) to 4(e) show the recovery results for each
method. The auto-encoder and t-SNE failed to recover some
parts. While NN-iWMM well recovered all parts, some parts
were separated from the torso. NN-iWMM+PCA not only
accurately recovered all parts but preserved the entire struc-
ture of mammoth. After training NN-iWMM with Q = 20,
the ARD weights were larger in the 6 dimensions that corre-
sponds to the red bars in Figure 4(f). NN-iWMM+PCA ac-
curately recovered mammoth by compressing these dimen-
sions. This implies that a mammoth manifold is contained
in this 6-dimensional space. Hence, NN-iWMM with a suf-
ficiently large Q can uncover the intrinsic data structure via
the dimension selection using ARD.

6 Real Data Experiments

We show the several adovantage of NPDV through real data
experiments. We first draw 5,000 samples from each of the
following three datasets, and use them for model evaluation.
MNIST contains hand-written digit images, where each im-
age is labeled one of 0 to 9. Fashion-MNIST contains im-
ages of clothing, where each image is labeled with one of 10
categories, such as T-shirts or shoes. 20 newsgroups corpus
records English articles, where each article is labeled with
one of 20 labels. These 20 labels were converted into six
meta-labels, e.g., rec and sci related to recreation and sci-
ence, repectively according to the guidelines of the dataset2.

For model comparison, we use five existing methods and
four NN-iWMM-based methods. The existing methods are
t-SNE, UMAP, GPLVM, VSB-DVM (Yang et al. 2019),
which combines a neural auto-encoder with iGMM, and
Deep-k-means (Fard, Thonet, and Gaussier 2020), which

1https://github.com/PAIR-code/understanding-umap
2http://qwone.com/˜jason/20Newsgroups/



Experiments
l Text corpus: 20newsgroups (English)、Livedoor

News corpus (Japanese)
– 20newsgroups: USENET internet news text on 20 

newsgroups, 18000 documents
– Livedoor: Livedoor news articles, 9 categories, 

7300 documents
l tf.idf preprocessing, compress into 1000 dims

to visualize in 2D
l Baseline: t-SNE (Maaten+ 2009), Deep K-means 

(Phard+ 2020)



Results (20newsgroups: English)

Clearer idendification of clusters & SOTA accuracy

l k-NN classification accuracy  (Bold: SOTA,  *：Next to SOTA)



Results (Livedoor: Japanese)

l k-NN classification accuracy  (Bold: SOTA,  *：Next to SOTA)



Unsupervised visualization of sentences
(t-SNE)
l Directly visualize sentences via t-SNE
→ Prone to noise, cannot consider meanings

× Unrelated clustering of sentences that belong to “cooking” cluster under NPDV



Unsupervised visualization of sentences
(NPDV)
l Internally estimates ∞-GMM to give “label” on

each sentence
Clusters obtained through NPDV

Simultaneously estimates latent clustering and visualization

Data:
Kyoto corpus
(5000 articles
from Mainichi
newspaper 
1995)

○ NPDV estimates semantically meaningful clusters



Summary
l Gentle introduction to Gaussian processes
l Learning “Motions” from movements

through a Gaussian process generative model
for robots (from research on NLP)
– GP+HDP+Hidden semi-Markov Model (IROS 2018)
– HVGH: GP+HDP+Hidden SMM+VAE (IROS 2019)

for high-dimensional observations
(segmentation on latent Gaussian processes)

l Analytical Gaussian process neural network
with no neural weights
– NPDV: Visualization w/ combination with t-SNE



“Language and Robotics”
l Advanced Robotics (2019),

“Survey on frontiers of language and robotics”.
T. Taniguchi, D. Mochihashi, T. Nagai, et al.
https://www.tandfonline.com/doi/full/10.1080/01691864.2019.1632223
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