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Carl Edward Rasmussen and Christopher K. I. Williams
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e “Gaussian Processes
for Machine Learning”
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Chris Williams (2006)
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(BIEL D MESR711h)
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H[E)EET )L (simple regression)

o L EM/ARMOE: y=a+bx
e atbZx SV o> TRDHB?

>< T O T T T T x

-4 -3 -2 -1 0 1 2 3 4
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® 7__“—9 D = {($1,y1)7 (3327y2)7' e ,(QUNny)}
NH-lc&T 5.

o ZTpnlCXT B TFAHNE ynld. —RH
g)n = a + bz,

o ELHIEE DEIL
yn_:&n — yn_(a + bxn)
— NZzms/NMI Uz ]
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o ANXNLRITHS? — E[EYRE (multiple regression)
X = (xlaan).' ) 7'CBD)T @t%x
Y = wWo + W1T] + W22 + -+ WDITD

!

E

( ) (y — (wo + w1zt + waza + -+ + wpzp))®
o _N%Z EE'—MIS
— E=30" (Yo — 9n)? % wo, w1, - ,WpITDWNT
WA LToERE, EXAERRERITIELL.
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Y = Wy + Wi x + w2$2 Y = Wo + WL + W2 sin(x)
(’w() w1 wg) 1 (w() w1 w2) 1
— €T — X
72 sin(x)
N ~ N e’ . —~ N’
wT o () w’ ¢(x)

e PNH., RENINILDFEFEXELTETS !
—y=w'¢(x) - HBFEEIZETIL (inear regression
model)
o INEVIEARNBERICELU OOV AT vy
ARETIL Y = o(w' P(x))
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o FFEHINIU NLZ o(x) = (1 T, 2%, sin x, cos x)
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e /17 X 73%5 (Gaussian distribution) X 7z l&
[E# 9% (normal distribution) : 6 EARMNREER N

p(z)

5 -4 -3 2 -1 0 1 2 3 4 5

p(x) = N(zlp,0%) = ! ~ exp <_($ — u)2>
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SXSFRBA—XI
o IREH—xI:  k(x,x)=x'x
- o(x)=x ZBKI H-HUVABEREF. EQFEZzaD
® jjerj]—*)[/ ‘X—X’ 2
k(x,x') = exp ( )

o IEHH—FIL:

_ ( |x— X)
o BFHAH—XIL:

o o (552

Research Org of Infor

53/124 Summer School #IEIE 2021 Lecture2 The Institute of Statlstlcal MathematlcsE: ]



4 2 0 2 4 4 2 o 2 4
(c) BBA—F )V exp(—|x —x'|/0)  (d) WA —F): exp(6: cos(|x —x'|/62))

(Ornstein-Uhlenbeck i##2) ormation and Systems
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T e O S
AR B ol =

16:

[mu,var| = gpr (xtest, xtrain, ytrain, kernel)

N = length (ytrain)
forn=1---N do

forn”=1---N do
K[n,n'| = kernel (xtrain[n], xtrain[n'])
end for

end for
yy = K~ % ytrain
form=1---M do

forn=1---N do

k[n] = kernel (xtrain|[n], xtest[m])
end for
s = kernel (xtest[m], xtest[m])
mu(m] = k xyy

varjm| = s — k % K-1xkT

end for

xtrain,ytrainM 5 2 5nfc & =, xtestDZRICDWT

A

¥ mu & Evarz /]

AN

SUEAIR = Bojsoassen

-AhxeRP%#NH
WRERT P,

ytrain = [y;,...,yN]

-HhyeR%Z N
W=7 k.

T

M @R 7=X27 b,
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mu : xtest IZRIHT 5
y DARHE
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y DT EL
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Gaussian processes on galaxy

Finding Galaxies in the Shadows of Quasars with Gaussian Processes

Roman Garnett GARNETT@WUSTL.EDU

Washington University in St. Louis, St. Louis, MO 63130, United States

SHIRLEYH@ ANDREW.CMU.EDU

Shirley Ho
JEFF.SCHNEIDER @ CS.CMU.EDU

Jeff Schneider
Carnegie Mellon University, Pittsburgh, PA 15213, United States

(ICML 2015)

Research Organization of Information and Systems %}i
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Gaussian processes on galaxy (2)

e Astronomers want to find DLA
(Damped Lyman-a systems):
— Large gaseous objects with neutral °
hydrogen gas

— Emits little light and cannot be
observed directly.

o O
AR S

~—

Flux

A—>
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Finding DLAs

—
(=
]

(=]
|

Lya (DLA) Lya (Qs0)
| |

flux (10717 erg/s/cm?/A)

| |

T T T T
4000 4500 5000 5500 6000 6500

observed wavelength A gps (A)

e DLAs can be found by quaser emission spectrum
e Usually: by astronomers looking at it

Research Organization of Information and Systems 37§
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Finding DLAs

—
<
]

(=]
]

Lya (DLA) Lya (Qs0)
| |

T T T
4000 4500 5000 5500 6000 6 500

flux (10717 erg/s/cm?/A)

observed wavelength A gps (A)

e Problem: Quaser spectrums are huge in number!

— Sloan digital survey: 300 000
— Millions of quasers observed

e How to automate discoveries?

Research Organization of Information and Systems Sgmii
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Finding DLAs

e Solution: compare probabilities of

p(spectrum | DLA exists)

p(spectrum | DLA does not exist)

e How to define these non-trivial probabilities?
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Case of no DLASs

prior mean j

—flux y

1Ll
M.,th.,l ‘,““!'l'lhlu”‘nhmt""“'lIl'u '”w“v',‘“w‘1“|t.ll,‘,d‘u1nhld ‘ ‘

‘ il

normalized flux

T T T T T
800 900 1000 1100 1200

rest wavelength A regt (A)

e (Gaussian process + noise
e log p(spectrum|-DLA) = -2589.

3% Research Organization of Information and Systems §
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Case of DLAs

3 —— flux y —— prior mean a o p ’

i 2 i A M

ks il (T |

E 0 Al .nl.MlL“‘-.' ‘vi‘h"ll“‘lunli |,Hl| | "“"I!ulﬂ'\ ‘lu|“'”"r“'nﬂuh“ ‘
8(I)O 9(I)0 IOIOO 1 lIOO 1 2IOO

rest wavelength A g (A)

e Gaussian process + unknown absorption
e log p(spectrum|DLA) = -2453 > -2589

= p(spectrum|-DLA)
e DLA exists!
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Technically..

e If DLA does not exist
p(y|©,-DLA) = N(y|p, K+Q+N)

o It DLA exist /Absorption frequency
y(\) = f()\)e—T(z,N) 1€ Ldependent!

!
p(y|©,DLA, 2, N) = N(y|a o p, A(K+Q)A+N)

75/124. Summer School BIRY1EE 2021 Leoture? Thelnsgivi o Sndstn e



Technically..

e If DLA does not exist
p(y|©,-DLA) = N(y|p, K+Q+N)

e |f DLA exist wn frequencies}

p(y|©,DLA) = /p(y,z,N\@,DLA)dsz

= /p(Y\@,DLAyz,N)p(z,N)dsz

= (numerical integration).

— Requires understanding of Gaussian process
machinery and statistics!
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p(y|X,0) = N(y|0,Ky)
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— (27 V2 (K172 exp (—53’ K, '.Y)

L JICRAY ORSN
log p(y]X,0) = log |Kg| — y' K, 'y + const.
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78/124  Summer School IR 2021 Lecture2 The In:tltut:eoof Statlstf||c;I MathematlcsE: 'Jl
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L =log p(y|X,0) = log |Kg| — y' K, 'y + const.
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JNAIN—)NT X —5 DEE1E (3)

o 0Ky (X?
00
— BKZ0THD L TR AT,
o 1A e |2
Kij = k(xi,x}) = 01 exp (— XX ) +038(7, )
DEE, .
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JINAIN—)NT X —5 DEE1E (4)

w17 )L T X L (Python, BFGSDI5H)

from scipy.optimize import minimize

def optimize (xtrain, ytrain, kernel, kgrad, 1init):

res = minimize (loglik, 1init,
args = (xtrain,ytrain, kernel, kgrad),
jac = gradient, method = 'BFGS’,
callback = printparam,
options = {'gtol' : le-4, 'disp' : True})

print res.message
return res.x

— loglik THRIBEE(E DXIEUL FE)’E gradientT
EMAELARIAY KD

@b —F > s/t
Fﬂﬁh%ﬁ%\? WS 78
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JINAIN—)NT X —5 DEE1E (5)
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o N—XI)U k(x;,x;) =01exp | — ; + 036(7, )
T.0=1&ULTHB 2
o FOEIKRIE., AR IPLEVWDTHETA—/N=T v b

G2/124. Summer School EABYITE 2021 Lecture? Thensgone o it iethontes 0




INAIN—INT X —H5 DEiEql (6)
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7Y VEHIETIL (2)

A\Ve—A
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7Y VEHIET L (3)
e CZTH, BEENTITH I ANT TIEARL
X
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7Y VERETIL (4)

o /& ZlFGPy TETE

import GPy

def gpr poisson (data):

N = len(data)
XX = np.linspace (1,N,N)
model = GPy.core.GP (X=xx[:,None],

Y=data[:,None], ¥

kernel=GPy.kern.RBF (1) ,¥
inference method=GPy.inference.latent
function inference.Laplace(),¥
likelihood=GPy.likelihoods.Poisson())
model.optimize ()
mu,var = model. raw predict (xx[:,None])
plt.plot (xx, np.exp(mu))
plt.fill between (xx, exp(mu[:,0] + 3*sqgrt(var[:,0])),¥
exp(mu[:,0] - 3*sqrt(var[:,0])),¥
color="#ccccff')
data, 'xb', markersize=8)

plt.plot (xx,
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e Neal (1996)l&. —a2—7Z /L

Statistics XY NI =T 3R FEH >0
HRRR T4 o A i@EiE & E1
ThdlEZxmRUIc

e —1—JILRY MNDZEHD

Bayesian Learning / \ J )( 9 % E —g_ %) M\g 75\

for Neural Networks 7Ld~ LI

o I'N. ZDERAAZEE BN

Lecture Notes in

Radford M. Neal

@ Springer
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MESRKBFE R D T
R IT W =KTT

Xp ( —@) Yn

e Probabilistic PCA (Tipping & Bishop 1999)
Yn = Wx,, + €
e ~ N(0,0I)

e X>7TC. L= 25:1 log p(yn) = 25:1 log N (yrn|Wx,,, 0%T)
= —g (log 2 + log |C| + tr(C~1S))

(C=WW?! +7I, S=YY'/N)
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FEERPIPCAD 5 GPLVMA
o MEZRMIPCA : x%y’\d)ﬁﬂL Z1THIW & 5E b

Xn©—>0 Yn

o WIEEXR, xDRXITICIKFT B
> WODHICE IJJJ«‘D%’%?L’CE MEZE

p(W) = H N(wgq|0, 1)

p(Y|X) = / P(Y|X, W)p(W)dW

_ L ! 1IN T
R e exp (—§tr(K YY)
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GPLVM

e L0,
DN D 1
logp(Y|X) = — — log(2m) — — log | Kx | — —tr(K;(lYYT)

2
Kx = Q[XXT+5 o |

X = (X17°°' 7XN)
o INZHRANILTBBEMNLGXZEDITNIEXL

e (Gaussian Process Latent Variable Model
(GPLVM) & WS (Lawrence+, NIPS 2003)
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GPLVM®D F&E1t,

DN D 1 _
log p(Y|X) = - log(27) — - log Kx|— §tr(KX1YYT)

Kx = dXX'Hp7

X:(Xla'” 7XN)

o HARICH—ZXIEENTWLWEBS>EEDH—XRILEZEA

k(Xn, Xm) = aexp (= [xXn—Xm|?) +d(n,m)5™"
L (RBF)
o a% =K' YY'K3' — DKy'

X
0L  OL 9Kx
(%nj N (9Kx 8587”'

Z @A U THD
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GPLVM®D &3E1 L (2)

e Python=®E% | THY BE EHEIRE
R—3

/|o
|
—

— http://chasen.org/~daiti-m/gpbook/
e Neil Lawrence | & 2MATLABJR3EZE
— http://inverseprobability.com/gplvm/
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GPLVM : &4
e Oil flow7T—% (PRMLIEE &R U H D)
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Figure 1: Visualisation of the Oil data with (a) PCA (a linear GPLVM) and (b) A GPLVM which
uses an RBF kernel. Crosses, circles and plus signs represent stratifi ed, annular and homogeneous
fbws respectively. The greyscales in plot (b) indicate the precision with which the manifold was

expressed in data-space for that latent point. The optimised parameters of the kernel were v = 150,
a = 0.403 and 8 = 316.

— i BERIPCA. B: GPLVM
— GPLVMIE 8% £ > Tconfidence®d Dt bBESNS
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(Hertzmann 2004, SIGGRAPH)
Style-based Inverse Kinematics

o {ERIT(fc & ZIF2RIT)DRBTEERMN 5.
ABEDOBEEANY NILNDEHR%ZGPLVMTEE
— BT N LA ANNTITIYD S, BEEREXZ

FOR CEEIL

D 1 T er 1 1 5 oy
Lep=—InK|l+= YwY;: K 'Y+ — >, | i s
n = K|+ 3 TdV[ Kt 5 3 I+t

e O3 1TV MWebXR—':
https://grail.cs.washington.edu/projects/styleik/
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GPLVM: 3RTTDEE

o THS A
“Statmodeling

memorandum”
http://statmodeling.hatena

blog.com/entry/gaussian-
process-latent-variable-
model-2 [C KX %

o StanSEIC KL SHEE

2
0 1
2 -
X1
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Reinforcement Learning Boat Autopilot: A Sample-efficient and Model
Predictive Control based Approach

Yunduan Cui', Shigeki Osaki?, and Takamitsu Matsubara’

(IROS 2019)

¥ AT L/ /1R, Vol. 60, No. 12, pp. 515-520, 2016 515
T e e e S T T e I S e S U S T e e e e Y e e e e T M T e
i B}
A ZBRRICEDIC ARy hOEEHIE - FE
— BRI E— X by F Il & BEUMHES
WE  E=Z7*

I R AR

( "> X7 L/FE/1EE#R1 2016)

Research Organization of Information and Systems %
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Ao Z@EZBEEONRT 47 X (1)
o U BIEIREEZEFTET /L
Xi+1 = f(Xt7 ut) T W, W~ N(O, Ew)
— us: HwEIA L
— W VRATL/AX
o IREEN, BRITSEICH I ABIEICTE > THEIRE
95EZZTWS
> (X1,X2, ++ ,X7) OpRITTELIFEE S 1R ML
(xlpa Lop, 7:BTp)

WD BIEICHED
Research Organization of Information and Systems Sgmii
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HoZBEEORT 17 X (2)

Target states T T
. ¢
Past Future —
% Target
Observed states Predicted states @) Boat position
with uncertainty > Predicted position
O ) Predicted horizon o Uncertainty
r —— —
. ! Boat trajectory
Ty /
i I o = MPC predicted trajectory
- i
: : Current/wind disturbances
| I | - z
, Previous control signals | Predicted control sequence | i g | S SO R
Time " t+H-1 term optimization

=2

Lmlt

o ONT « 7 AICHEWTIE, FRDIREDAEIH
(RERREIEZE—DEITHU THEREHERMGEWN )
o BLFEE & N BEEZHAE T T AnfH D i1

Research Organization of Information and Systems Sgmii
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Non-linear Matrix Factorization with Gaussian Processes

Neil D. Lawrence NEILL@QCS.MAN.AC.UK
School of Computer Science, University of Manchester, Kilburn Building, Oxford Road, M13 9PL, U.K.

Raquel Urtasun RURTASUN@ICSI.BERKELEY.EDU
ICSI and EECS, UC Berkeley, CA 94704

(ICML 2009)
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o AT LIV IRET, HRAlhi-7—%
PN ZIE1—DT 1 M ZBEEEH)IFITIYELT
RKIET=E3%
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7370 ZBRRITH D (2)

o YIZZ L DIBZBEERITTMNDIERICR/IN—RATZD T,
BERTTOEEWE BHEXDEE U TEKRIKR

( Y\ \

Y ~ N \%% X o |

\ )\ /

o CCTWIEAVABRNIE S A TIRIMHEET S &,
EHEATRBEREEVTRETES

Y ~ N(Kx,0°I) Kx IXDOFIEDH—XILITF
- EERICDOWTIE. AV RBEEBARTEZSRODZ &

116/124 Summer School ¥I2#J3 2021 Lecture2 The In:tltut:eoof Statlstf||c;I Mathe:nsayltlcs .A I




o XBEITH D EE (3)
Y ~ N (Kx, o*I)
o FIDEEAET DL, uTwﬁﬁt%%ﬁ
p(Y|X) = HHNydn|fdxn 1)

d=1n=1

f ~ GP(X)

- BRI - —Z2RIBEEZBXBEDH—XI1TI%Z
o7 BB S, EREyD ER

— X, ERAED T, p(YX)\ZmAKILT 5 KD ICHEEL
— A XERBITIDEIE. FERICRENS &M
HME5NnNTWnWs |

GPLVM®D—7&
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Gaussian Process Modeling of Large Scale Terrain

Shrihari Vasudevan, Fabio Ramos, Eric Nettleton and Hugh Durrant-Whyte Allan Blair
Australian Centre for Field Robotics (ACFR) Technology and Innovation
The University of Sydney, NSW 2006, Australia Rio Tinto
{s.vasudevan, f.ramos, e.nettleton, hugh}@acfr.usyd.edu.au allan.blair@riotinto.com
Methods in Ecology and Evolution 2016, 7, 598-608 doi: 10.1111/2041-210X.12523

Fast and flexible Bayesian species distribution modelling
using Gaussian processes

Nick Golding"?* and Bethan V. Purse’

1Centre for Ecology & Hydrology, Crowmarsh Gifford, Wallingford, UK OX10 8BB; and %Spatial Ecology and Epidemiology
Group, Wellcome Trust Centre for Human Genetics, University of Oxford, Oxford OX3 7BN, UK
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o M VEYRILIULTOES KRR NTT—I NS D

Fig. 4. GPS based survey data set from the Kimberlite (diamond) mine.
The data set comprised of over 4600 points spanning about 2.2 x 2.3 sqkm.
The data set is very sparse with the average spread being about 31m in x
and y directions.
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Locally-Adaptive Slip Prediction for Planetary Rovers
Using Gaussian Processes

Chris Cunningham', Masahiro Ono?, Issa Nesnas?, Jeng Yen?,and William L. Whittaker'

o KEZ> O—/\—TO, ﬂiﬁ /\“)WD"“F'E"?IEI’JTEE

“Curiosity” & X EDHF, 1 XiEEE }Fﬁ-’C‘%/,JJénﬁ_
SN (ZEEZEE)

HKEsearcn urganizauon o1 INTOrmation ana dysiems 1]

120/124 Summer School #IE#32 2021 Lecture2 The Institute of Statistical Mathematics Sl




o £FREFTOEYBOERT—% &, AV ABEEL)F
I K 5 ZE BRI E

— Geothlypis philadelpha (721 X D—F&E)D %

arch Organization of Information and Systems 333
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ZEERHET= (5)

e BRT (Boosted Regression Tree). GAM (Generalized
Additive Model) & DB EEHE FE SR 0D L&

® FHH 5 DX

1

Probability
present

Temp. NP~ Rainfall

True surface GAM model

BRT model GP model 'ganization of Information and Systems ZfiTgn
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Machine Learning Professional Series

M‘ pgggfuauflb Carl Edward Rasmussen and Christopher K. I. Williams
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