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Abstract

This paper presentsan application of Boostingfor classifyinglabeled
graphs,generalstructuresfor modelinganumberof real-world data,such
aschemical compounds,naturallanguagetexts,andbio sequences.The
proposal consistsof i) decisionstumpsthat usesubgraph as features,
andii) a Boostingalgorithm in which subgraph-baseddecision stumps
areusedasweaklearners.We alsodiscussthe relationbetweenour al-
gorithm and SVMs with convolution kernels. Two experimentsusing
naturallanguage dataand chemical compounds show that our method
achievescomparableor even betterperformancethanSVMswith convo-
lution kernels aswell asimprovesthetestingef�c iency.

1 Intr oduction

Most machinelearning(ML) algorithmsassumethat given instances are represented in
numerical vectors.However, muchreal-world datais not represented asnumerical vectors,
but asmorecomplicatedstructures,suchassequences,trees,or graphs. Examplesinclude
biological sequences(e.g.,DNA andRNA), chemical compounds,naturallanguagetexts,
andsemi-structureddata(e.g.,XML andHTML documents).

Kernel methods,suchassupport vector machines(SVMs)[11], provideanelegantsolution
to handling suchstructureddata. In this approach, instances areimplicitly mapped into a
high-dimensionalspace,whereinformationabout theirsimilarities(inner-products) is only
usedfor constructinga hyperplane for classi�cation. Recently, a numberof kernels have
beenproposedfor suchstructureddata,suchassequences[7], trees[2, 5], andgraphs[6].
Most arebasedon the ideathat a featurevector is implicitly composedof the countsof
substructures(e.g.,subsequences,subtrees,subpaths,or subgraphs).

Although kernelmethods show remarkable performance, their implicit de�nitions of fea-
ture spacemake it dif�cu lt to know what kind of features(substructures)arerelevant or
which featuresareusedin classi�cations. To useML algorithmsfor datamining or as
knowledgediscoverytools,they mustoutputa list of relevant features(substructures).This
informationmaybeusefulnotonly for adetailedanalysisof individualdatabut for thehu-
mandecision-making process.

In this paper, we presenta new machine learningalgorithmfor classifyinglabeled graphs
that hasthe following characteristics:1) It performslearningandclassi�cationusingthe



Figure1: Labeled connectedgraphsandsubgraph relation
structuralinformationof agiven graph.2) It usesasetof all subgraphs(bag-of-subgraphs)
asa featuresetwithoutany constraints,which is essentiallythesameideaasaconvolution
kernel [4]. 3) Even though the sizeof the candidate featuresetbecomesquite large, it
automatically selectsacompactandrelevant featuresetbasedonBoosting.

2 Classi�er for Graphs

We �rst assumethat an instanceis represented in a labeledgraph. The focusedproblem
canbeformalizedasageneralproblemcalledthegraph classi�cationproblem. Thegraph
classi�cation problem is to induce a mapping f (x) : X ! f� 1g, from given training
examplesT = fhx i ; yi igL

i =1 , wherex i 2 X is a labeled graphandyi 2 f� 1g is a class
labelassociatedwith thetrainingdata.We herefocuson theproblemof binaryclassi�ca-
tion. Theimportantcharacteristicis thatinputexamplex i is representednotasanumerical
featurevector but asa labeledgraph.

2.1 Preliminar ies

In this paper we focuson undirected, labeled, andconnectedgraphs, sincewe caneasily
extend our algorithm to directedor unlabeled graphswith minor modi�cations.Let us in-
troducealabeledconnectedgraph(or simplyalabeledgraph), its de�nitionsandnotations.

De�n ition 1 LabeledConnectedGraph
A labeledgraphis representedin a 4-tupleG = (V; E ; L ; l ), where V is a setof vertices,
E � V � V is a setof edges,L is a setof labels, and l : V [ E ! L is a mapping that
assignslabelsto theverticesandtheedges. A labeledconnected graph is a labeledgraph
such that there is a pathbetweenanypair of verticies.

De�n ition 2 Subgraph
LetG0 = (V 0; E 0; L 0; l0) andG = (V; E ; L ; l ) belabeledconnectedgraphs. G0matchesG,
or G0 is a subgraph of G (G0 � G) if thefollowing conditions are satis�ed: (1) V 0 � V ,
(2) E 0 � E , (3) L 0 � L , and(4) l0 = l. If G0 is a subgraph of G, thenG is a supergraph
of G0.

Figure1 shows anexampleof a labeledgraph andits subgraphandnon-subgraph.

2.2 DecisionStumps

Decisionstumpsaresimpleclassi�ersin which the �na l decisionis madeby a singlehy-
pothesisor feature.Boostexter[10] usesword-baseddecisionstumpsfor text classi�cation.
To classifygraphs,wede�ne thesubgraph-baseddecisionstumpsasfollows.

De�n ition 3 DecisionStumps for Graphs
Let t and x be labeled graphsand y be a classlabel (y 2 f� 1g). A decisionstump
classi�er for graphsis givenby

hht;y i (x) def=
�

y t � x
� y otherwise:



Theparameter for classi�cationis a tupleht; yi , hereafter referredto asa rule of decision
stumps.Thedecisionstumpsaretrainedto �nd a rule ĥt; ŷi thatminimizestheerror rate
for thegiven trainingdataT = fhx i ; yi igL

i =1 :

ĥt; ŷi = argmin
t 2F ;y 2f� 1g

1
L

LX

i =1

I (yi 6= hht;y i (x i )) = argmin
t 2F ;y 2f� 1g

1
2L

LX

i =1

(1 � yi hht;y i (x i )) ; (1)

where F is a setof candidategraphsor a feature set(i.e.,F =
S L

i =1 f t jt � x i g) andI (�)
is theindicator function. Thegain functionfor a ruleht; yi is de�nedas

gain (ht; yi ) def=
LX

i =1

yi hht;y i (x i ): (2)

Using the gain, the searchproblem (1) becomesequivalent to the problem: ĥt; ŷi =
argmaxt 2F ;y 2f� 1g gain (ht; yi ). In thispaper, weusegain insteadof errorratefor clarity.

2.3 Applying Boosting

Thedecisionstumpclassi�ersaretooinaccurateto beappliedto realapplications,sincethe
�nal decisionreliesontheexistenceof asinglegraph. However, accuraciescanbeboosted
by the Boosting algorithm [3, 10]. Boosting repeatedly calls a given weaklearner and
�nally producesa hypothesisf , which is a linearcombinationof K hypothesesproduced
by the weak learners, i,e.: f (x) = sgn(

P K
k=1 � k hht k ;y k i (x)) . A weak learneris built

at each iterationk with differentdistributionsor weights d (k ) = (d(k )
i ; : : : ; d(k )

L ) on the
trainingdata,where

P L
i =1 d(k )

i = 1; d(k )
i � 0. Theweightsarecalculatedto concentrate

moreonhardexamplesthaneasyexamples.To usedecisionstumpsastheweaklearnerof
Boosting,we rede�nethegain function(2) as:

gain (ht; yi ) def=
LX

i =1

yi di hht;y i (x i ): (3)

In this paper, we usethe AdaBoostalgorithm,the original andthe bestknown algorithm
among many variantsof Boosting.However, it is trivial to �t our decision stumpsto other
boostingalgorithms,suchasArc-GV [1] andBoostingwith softmargins[8].

3 Ef�cient Computation

In this section,we introducean ef�c ient andpractical algorithmto �nd the optimal rule
ĥt; ŷi from giventrainingdata.Thisproblemis formally de�nedasfollows.

Problem 1 Find OptimalRule
Let T = fhx1; y1; d1i ; : : : ; hxL ; yL ; dL ig be training data where x i is a labeled graph,
yi 2 f� 1g is a classlabel associatedwith x i anddi (

P L
i =1 di = 1; di � 0) is a normal-

izedweight assignedto x i . GivenT, �nd theoptimal rule ĥt; ŷi that maximizesthegain,
i.e., ĥt; ŷi = argmaxt 2F ;y 2f� 1g di yi hht;y i , whereF =

S L
i =1 f t jt � x i g.

The mostnaive andexhaustive methodin which we �rst enumerateall subgraphs F and
thencalculate thegains for all subgraphsis usuallyimpractical,sincethenumberof sub-
graphs is exponential to its size. We thusadopt an alternative strategy to avoid suchex-
haustive enumerations. The method to �nd the optimal rule is modeled as a variant of
branch-and-boundalgorithm andwill besummarizedasthefollowing strategies:1) De�ne



Figure2: Exampleof DFSCodeTreefor agraph

a canonical searchspacein which a whole setof subgraphs canbe enumerated.2) Find
theoptimalrule by traversingthis searchspace. 3) Prunethesearchspaceby proposinga
criteriafor theupper bound of thegain. We will describethesestepsmorepreciselyin the
next subsections.

3.1 Ef�cient Enumeration of Graphs

Yan et al. proposedan ef�c ient depth-�rst searchalgorithmto enumerateall subgraphs
from a given graph[12]. The key idea of their algorithm is a DFS (depth�r st search)
code, a lexicographic orderto the sequence of edges. The searchtreegiven by the DFS
codeis calleda DFS CodeTree. Leaving the detailsto [12], the orderof the DFS code
is de�ned by thelexicographicorderof labelsaswell asthetopologyof graphs. Figure2
illustratesanexampleof aDFSCodeTree.Each nodein thistreeis representedin a5-tuple
[i; j ; vi ; eij ; vj ], whereeij , vi andvj arethelabels of i� j edge, i -th vertex, andj -th vertex
respectively. By performingapre-order searchof theDFSCodeTree,wecanobtainall the
subgraphsof a graphin orderof their DFScode. However, onecannot avoid isomorphic
enumerationsevengiving pre-ordertraverse,sinceonegraphcanhave several DFScodes
in a DFSCodeTree. So,canonical DFScode (minimumDFScode) is de�nedasits �rst
codein the pre-ordersearchof the DFS CodeTree. Yan et al. show that two graphsG
and G0 are isomorphicif and only if minimum DFS codes for the two graphsmin (G)
and min (G0) are the same. We can thus ignore non-minimum DFS codes in subgraph
enumerations.In otherwords,in depth-�rst traverse,we canprunea nodewith DFScode
c, if c is not minimum. The isomorphicgraphrepresented in minimum code hasalready
beenenumeratedin thedepth-�rst traverse.For example,in Figure2, if G1 is identicalto
G0, G0 hasbeendiscoveredbeforethenodefor G1 is reached. This property allows usto
avoid anexplicit isomorphictestof thetwo graphs.

3.2 Upper bound of gain

DFSCodeTreede�nesacanonicalsearchspacein whichonecanenumerateall subgraphs
from a given setof graphs.We consideranupper bound of thegain thatallows pruningof
subspace in this canonical searchspace. Thefollowing lemmagivesa convenientmethod
of computing a tight upperboundongain (ht0; yi ) for any supergrapht0 of t.

Lemma 1 Upper boundof thegain: � (t)
For any t0 � t andy 2 f� 1g, thegain of ht0; yi is boundedby � (t) (i.e., gain (ht0yi ) � � (t)),
where � (t) is givenby

� (t)
def
= max

�
2

X

f i j y i =+1 ;t � x i g

di �
LX

i =1

yi � di ; 2
X

f i j y i = � 1;t � x i g

di +
LX

i =1

yi � di

�
:

Proof 1

gain (ht0; yi ) =
LX

i =1

di yi hht 0;y i (x i ) =
LX

i =1

di yi � y � (2I (t0 � x i ) � 1);



where I (�) is theindicator function.If wefocuson thecasey = +1 , then

gain (ht0; +1 i ) = 2
X

f i j t 0� x i g

yi di �
LX

i =1

yi � di � 2
X

f i j y i =+1 ;t 0� x i g

di �
LX

i =1

yi � di

� 2
X

f i j y i =+1 ;t � x i g

di �
LX

i =1

yi � di ;

sincejf i jyi = +1 ; t0 � x i gj � jf i jyi = +1 ; t � x i gj for anyt0 � t . Similarly,

gain (ht0; � 1i ) � 2
X

f i j y i = � 1;t � x i g

di +
LX

i =1

yi � di :

Thus,for anyt0 � t andy 2 f� 1g, gain (ht0; yi ) � � (t): 2

We canef�c iently prunetheDFSCode Treeusingtheupper bound of gain u(t). During
pre-ordertraversein aDFSCodeTree,wealwaysmaintainthetemporally suboptimalgain
� amongall thegainscalculatedpreviously. If � (t) < � , thegain of any supergraph t0 � t
is no greaterthan� , andthereforewe cansafelyprunethesearchspacespannedfrom the
subgraph t. If � (t) � � , thenwe cannot prunethis space sincea supergraph t0 � t might
exist suchthatgain (t0) � � .

3.3 Ef�cient Computation in Boosting

At eachBoostingiteration,thesuboptimal value� is resetto 0. However, if we cancalcu-
latea tighterupper bound in advance, thesearchspacecanbeprunedmoreeffectively. For
this purpose,a cache is usedto maintainall rulesfoundin theprevious iterations.Subop-
timal value � is calculated by selectingonerule from thecache thatmaximizesthegain of
thecurrent distribution. This ideais based onourobservation thata rule in thecache tends
to bereusedasthenumberof Boostingiterationsincreases.Furthermore,wealsomaintain
thesearchspacebuilt by a DFSCodeTreeaslong asmemoryallows. This cachereduces
duplicatedconstructionsof aDFSCodeTreeateachBoostingiteration.

4 Connection to Convolution Kernel

Recent studies[1, 9, 8] have shown thatbothBoostingandSVMs [11] work according to
similar strategies: constructinganoptimalhypothesisthatmaximizes thesmallestmargin
between positive andnegative examples.Thedifferencebetweenthetwo algorithmsis the
metricof margin; the margin of Boostingis measuredin l1-norm,while that of SVMs is
measuredin l2-norm. We describehow maximummargin propertiesaretranslatedin the
two algorithms.

AdaBoostandArc-GV asymptotically solve thefollowing linearprogram,[1, 9, 8],

max
w 2 IR J ;� 2 IR +

� ; s:t: yi

JX

j =1

wj hj (x i ) � �; jjw jj1 = 1 (4)

whereJ is thenumber of hypotheses.Notethat in thecaseof decision stumpsfor graphs,
J = jf� 1g � F j = 2jF j.

SVMs,on theotherhand, solve thefollowing quadraticoptimizationproblem [11]: 1

max
w 2 IR J ;� 2 IR +

� ; s:t: yi � (w � �( x i )) � �; jjw jj2 = 1: (5)

1For simplicity, weomit thebiasterm(b) andtheextensionof SoftMargin.



Thefunction�( x) mapstheoriginal input examplex into a J -dimensional featurevector
(i.e., �( x) 2 IRJ ). Thel2-normmargin gives theseparatinghyperplaneexpressedby dot-
productsin featurespace. Thefeaturespacein SVMs is thusexpressedimplicitly by using
a Marcerkernel function, which is a generalized dot-product between two objects,(i.e.,
K (x1; x2) = �( x1) � �( x2)).

Thebestknown kernelfor modelingstructureddatais aconvolutionkernel [4] (e.g.,string
kernel[7] andtreekernel[2, 5]), whicharguesthata featurevector is implicitly composed
of thecountsof substructures.2 The implicit mapping de�ned by theconvolution kernel
is given as: �( x) = (#( t1 � x ); : : : ; #( t jF j � x )) , wheret j 2 F and #( u) is the
cardinality of u. Noticingthatadecisionstumpcanbeexpressedashht;y i (x) = y � (2I (t �
x) � 1), we seethat theconstraintsor featurespaceof Boostingwith substructure-based
decisionstumpsareessentiallythesameasthoseof SVMs with theconvolution kernel 3.
Thecritical differenceis thede�nition of margin: Boostingusesl1-norm,andSVMs use
l2-norm.Thedifferencebetween themcanbeexplainedby sparseness.

It is well known thatthesolutionor separatinghyperplaneof SVMsis expressedin a linear
combination of training examplesusingcoef�cients � , (i.e., w =

P L
i =1 � i �( x i )) [11].

Maximizing l2-normmargin gives a sparsesolutionin theexample space, (i.e.,mostof � i
becomes0). Exampleshaving non-zerocoef�cients arecalledsupport vectorsthatform the
�nal solution. Boosting,in contrast,performsthecomputationexplicitly in featurespace.
Theconceptbehind Boostingis thatonly a few hypothesesareneededto expressthe�nal
solution.l1-normmargin realizessuchaproperty [8]. Boostingthus�nd sasparsesolution
in the feature space. The accuraciesof thesetwo methodsdependon the given training
data.However, wearguethatBoostinghasthefollowing practical advantages. First,sparse
hypothesesallow theconstructionof anef�cien t classi�cationalgorithm. Thecomplexity
of SVMswith treekernelis O(l jn1jjn2j), wheren1 andn2 aretrees,andl is thenumber of
support vectors,whichis tooheavy to beapplied to realapplications.Boosting,in contrast,
performsfastersincethecomplexity dependsonly on a smallnumber of decisionstumps.
Second,sparsehypothesesareusefulin practiceasthey provide“transparent”models with
which we cananalyze how the model performsor what kind of featuresareuseful. It is
dif�cu lt to givesuchanalysiswith kernelmethodssincethey de�nefeaturespaceimplicitly.

5 Experiments and Discussion

To evaluateouralgorithm,weemployedtwo experimentsusingtwo real-world data.

(1) Cellphonereview classi�cation(REV)
Thegoalof this taskis to classifyreviewsfor cellphonesaspositiveor negative. 5,741sen-
tences werecollectedfrom anWeb-BBS discussionabout cellphonesin which userswere
directedto submitpositive reviewsseparatelyfrom negative reviews. Eachsentenceis rep-
resentedin aword-baseddependency treeusingaJapanesedependency parserCaboCha4.

(2) Toxicology predictionof chemical compounds(PTC)
The task is to classify chemical compounds by carcinogenicity. We usedthe PTC data
set5 consisting of 417compoundswith 4 typesof testanimals: malemouse(MM), female

2Strictly speaking,graphkernel[6] is notaconvolutionkernelbecauseit is notbasedonthecount
of subgraphs,but on randomwalksin agraph.

3The differencebetweendecisionstumpsandthe convolution kernelsis that the former usesa
binary featuredenotingthe existence(or absence)of eachsubstructure,whereasthe latter usesthe
cardinalityof eachsubstructure.However, it makeslittle differencesinceagivengraphis oftensparse
andthecardinalityof substructureswill beapproximatedby theirexistence.

4http://chasen.naist.jp/˜taku/software/cabocha/
5http://www.predictive-toxicology.org/ptc/



Table1: Classi�cationF-scoresof theREV andPTCtasks
REV PTC

MM FM MR FR
Boosting BOL-basedDecisionStumps 76.6 47.0 52.9 42.7 26.9

Subgraph-basedDecisionStumps 79.0 48.9 52.5 55.1 48.5
SVMs BOL Kernel 77.2 40.9 39.9 43.9 21.8

Tree/GraphKernel 79.4 42.3 34.1 53.2 25.9

mouse(FM), malerat (MR) andfemalerat (FR). Each compoundis assignedoneof the
following labels:f EE,IS,E,CE,SE,P,NE,Ng. We hereassumethatCE,SE, andP are“posi-
tive” andthatNE andNN are“negative”, which is exactly thesamesettingas[6]. We thus
have four binaryclassi�ers(MM/FM/MR/FR) in thisdataset.

Wecomparedtheperformanceof ourBoostingalgorithmandsupportvector machineswith
treekernel [2, 5] (for REV) andgraphkernel [6] (for PTC) according to their F-scorein
5-fold crossvalidation.

Table 1 summarizesthe bestresultsof REV andPCT task,varying the hyperparameters
of BoostingandSVMs (e.g.,maximum iterationof Boosting, soft margin parameter of
SVMs, andterminationprobability of random walks in graphkernel[6]). We alsoshow
the resultswith bag-of-label (BOL) featuresasa baseline. In most tasksandcategories,
ML algorithmswith structuralfeaturesoutperformthebaselinesystems(BOL). Thesere-
sultssupportour �rst intuition thatstructuralfeaturesareimportantfor theclassi�cationof
structureddata, suchasnaturallanguagetextsandchemical compounds.

Comparing our Boostingalgorithmwith SVMs usingtreekernel,no signi�cant difference
canbefoundtheREV dataset.However, in thePTCtask,our method outperformsSVMs
usinggraphkernel on the categoriesMM, FM, andFR at a statistically signi�cant level.
Furthermore, thenumberof active features(subgraphs)usedin Boostingis muchsmaller
thanthoseof SVMs. With our methods,about 1800 and50 features(subgraphs) areused
in the REV and PTC tasksrespectively, while the potentialnumber of featuresis quite
large.Evengiving all subgraphsasfeaturecandidates,Boostingselectsasmallandhighly
relevant subsetof features.

Figure3 show anexampleof extractedsupportfeatures(subgraphs)in theREV andPTC
taskrespectively. In the REV task,featuresre�ecting the domain knowledge(cellphone
reviews) are extracted: 1) “want to use ” ! positive, 2) “hard to use” ! negative, 3)
“ recharging time is short” ! positive, 4) “ recharging time is long” ! negative. These
featuresareinterestingbecausewe cannot determinethe correctlabel (positive/negative)
only usingsuchbag-of-label featuresas“charging,” “short,” or “long.” In the PTC task,
similar structuresshow differentbehavior. For instance, Trihalomethanes(TTHMs), well-
known carcinogenic substances(e.g., chloroform, bromodichloromethane,andchlorodi-
bromomethane), containthecommonsubstructureH-C-Cl (Fig. 3(a)). However, TTHMs
do not contain the similar but differentstructureH-C(C)-Cl (Fig. 3(b)). Suchstructural
informationis usefulfor analyzing how the systemclassi�es the input datain a category
andwhatkind of featuresareusedin theclassi�cation. We cannot examinesuchanalysis
in kernelmethods,sincethey de�ne their featurespaceimplicitly.

Thereasonwhy graph kernel showspoor performanceon thePTCdatasetis thatit cannot
identify subtledifferencebetweentwo graphs becauseit is basedon a randomwalks in a
graph. For example,kerneldot-product between the similar but differentstructures3(c)
and3(d) becomesquitelarge,although they show differentbehavior. To classifychemical
compounds by their functions, thesystemmustbecapableof capturingsubtledifferences
among given graphs.

Thetestingspeedof ourBoostingalgorithmis alsomuchfasterthanSVMswith tree/graph



Figure3: Support featuresandtheirweights

kernels.In theREV task,thespeedof BoostingandSVMs are0.135sec./1,149instances
and57.91sec./1,149 instancesrespectively6. Ourmethodis signi�cantly fasterthanSVMs
with tree/graphkernels withoutadiscerniblelossof accuracy.

6 Conclusions

In this paper, we focused on an algorithm for the classi�cation of labeled graphs. The
proposal consistsof i) decision stumpsthat usesubtreesas features,and ii) a Boosting
algorithmin whichsubgraph-baseddecision stumpsareapplied astheweaklearners. Two
experimentsareemployedto con�rm theimportanceof subgraph features.In addition,we
experimentallyshow thatourBoostingalgorithm is accurateandef�cien t for classi�cation
tasksinvolving discretestructuralfeatures.
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